Abstract. In this article, we first describe codimension two regular foliations with numerically trivial canonical class on complex projective manifolds whose canonical class is not numerically effective. Building on a recent algebraicity criterion for leaves of algebraic foliations, we then address regular foliations of small rank with numerically trivial canonical class on complex projective manifolds whose canonical class is pseudo-effective. Finally, we confirm the generalized Bondal conjecture formulated by Beauville in some special cases. Titre. Quelques remarques sur les feuilletages réguliers de classe canonique numériquement triviale Résumé. Dans cet article nous décrivons tout d'abord les feuilletages de codimension deux de classe canonique numériquement triviale sur des variétés projectives complexes dont la classe canonique n'est pas numériquement effective. En nous appuyant sur un critère d'algébricité récent pour les feuilles des feuilletages algébriques, nous considérons ensuite les feuilletages réguliers de petit rang et de classe canonique numériquement triviale sur des variétés projectives complexes dont la classe canonique est pseudo-effective. Finalement, nous confirmons, dans certains cas spécifiques, la conjecture de Bondal généralisée formulée par Beauville.
Introduction
The Beauville-Bogomolov decomposition theorem asserts that any compact Kähler manifold with numerically trivial canonical bundle admits anétale cover that decomposes into a product of a torus, and irreducible, simply-connected Calabi-Yau, and holomorphic symplectic manifolds (see [Bea83] ). In [Tou08] Theorem (Touzet) . Let X be a complex projective manifold, and let G ⊂ T X be a regular codimension 1 foliation on X with K G ≡ 0. Then one of the following holds.
(1) There exists a P 1 -bundle structure ϕ : X → Y onto a complex projective manifold Y with K Y ≡ 0, and G induces a flat holomorphic connection on ϕ.
(2) There exists an abelian variety A as well as a simply connected projective manifold Y with K Y ≡ 0, and a finiteétale cover f : A × Y → X such that f −1 G is the pull-back of a codimenion 1 linear foliation on A.
(3) There exists a smooth complete curve B of genus at least 2 as well as a complex projective manifold Y with K Y ≡ 0, and a finiteétale cover f : B ×Y → X such that f −1 G is induced by the projection morphism B × Y → B.
Pereira and Touzet addressed regular foliations G on complex projective manifolds with c 1 (G ) ≡ 0 and c 2 (G ) ≡ 0 in [PT13] . They show the following (see [PT13, Theorem C] ).
Theorem (Pereira-Touzet). Let X be a complex projective manifold, and let G ⊂ T X be a regular foliation on X with c 1 (G ) They also show by way of example that ϕ • may not be a locally trivial fibration for the Euclidean topology (see [PT13, Example 4 .2]). On the other hand, this phenomenon does not occur if G has codimension 2. More precisely, they prove the following (see [PT13, Theorem D] ).
Theorem (Pereira-Touzet). Let X be a complex projective manifold, and let G ⊂ T X be a regular codimension 2 foliation on X with c 1 (G ) ≡ 0 and c 2 (G ) ≡ 0. Then, there exists an abelian variety A as well as a complex projective manifold Y , and a finiteétale cover f : A × Y → X such that f −1 G is the pull-back of a linear foliation on A.
In this article, we first address regular codimension 2 foliations with numerically trivial canonical class on complex projective manifolds X with K X not nef. Theorem 1.1. Let X be a complex projective manifold, and let G ⊂ T X be a regular codimension 2 foliation on X with K G ≡ 0. Suppose that K X is not nef. Then one of the following holds.
(1) There exist a complex projective manifold Y , a regular codimension 2 foliation G Y on Y with K G Y ≡ 0, and a compact leaf Z ⊂ Y of G Y such that X is the blow-up of Y along Z. Moreover, G is the pull-back of G Y .
(2) There exists a conic bundle structure ϕ : X → Y on X onto a complex projective manifold Y , G is generically transverse to ϕ and induces a regular codimension 1 foliation G Y on Y with K G Y ≡ 0. Moreover, the discriminant locus of ϕ is either empty or a union of leaves of G Y .
(3) There exists a smooth morphism ϕ : X → Y onto a complex projective manifold Y of dimension dim Y = dim X − 2 with K Y ≡ 0, and G yields a flat holomorphic connection on ϕ.
In [PT13] , the authors show that if G is a regular foliation with c 1 (G ) ≡ 0 on a complex projective manifold X with K X pseudo-effective, then G is polystable with respect to any polarization. They also conjecture that if moreover G is stable with respect to some polarization and c 2 (G ) ≡ 0, then G is algebraically integrable (see [PT13, Section 6 .5]). We recently confirmed this conjecture in some special cases in [Dru16] . Building on these results, we obtain the following. Theorem 1.2. Let X be a complex projective manifold, and let G ⊂ T X be a regular foliation on X with K G ≡ 0. Suppose that K X is pseudo-effective. Suppose furthermore that G has rank at most 3. Then there exist complex projective manifolds Y and F , a finiteétale cover f : Y × F → X, and a regular foliation H on Y with c 1 (H ) ≡ 0 and c 2 (H ) ≡ 0 such that f −1 G is the pull-back of H .
Notice that Touzet addressed codimension 2 regular foliations G with c 1 (G ) ≡ 0 on compact Kähler manifolds with seminegative Ricci curvature in [Tou10] . See [Tou10, Théorème 1.5] for a precise statement.
Finally, we confirm the generalized Bondal conjecture formulated by Beauville ([Bea11, Conjecture 5]) in some special cases. Recall that a holomorphic Poisson structure on a complex manifold X is a bivector field τ ∈ H 0 (X, ∧ 2 T X ), such that the bracket {f, g} := τ, df ∧ dg defines a Lie algebra structure on O X . A Poisson structure defines a skew-symmetric map τ : Ω 1 X → T X ; the rank of τ at a point x ∈ X is the rank of τ (x). Let r be the generic rank of τ , and set X r := {x ∈ X | rk τ (x) = r}. Theorem 1.3. Let (X, τ ) be a projective Poisson manifold. Suppose that τ has generic rank r dim X − 2. If the degeneracy locus X \ X r of τ is non-empty, then it has a component of dimension > r − 2.
Outline of the paper. In section 2, we review basic definitions and results about foliations. Sections 3 and 4 consist of technical preparations. In section 3, we review standard facts about (partial) connections and give some applications. Section 4 presents a criterion that guarantees that a given foliation is projectable under a morphism. We then study projectable foliations under some Fano-Mori contractions. With these preparations at hand, the proof of Theorem 1.1 which we give in Section 5 Notation and global conventions. We work over the field C of complex numbers. Varieties are always assumed to be irreducible. We denote by X reg the smooth locus of a variety X.
The word "stable" will always mean "slope-stable with respect to a given polarization". Ditto for semistability.
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Foliations
In this section we recall basic facts concerning foliations.
(Foliations)
A foliation on a normal variety X is a coherent subsheaf G ⊂ T X such that
• G is closed under the Lie bracket, and
• G is saturated in T X . In other words, the quotient T X /G is torsion free.
The rank r of G is the generic rank of G . The codimension of G is defined as q := dim X − r. Let U ⊂ X reg be the open set where G |Xreg is a subbundle of T Xreg . The singular locus of G is defined as
We will use the following notation.
Notation 2.2. Let ϕ : X → Y be a dominant morphism of normal varieties, and let D be a Weil Q-divisor on Y . Suppose that ϕ is equidimensional. The pull-back ϕ * D of D is defined as follows. We define ϕ * D to be the unique Q-divisor on X whose restriction to ϕ −1 (Y reg ) is (ϕ |Yreg ) * D |Yreg . This construction agrees with the usual pull-back if D itself is Q-Cartier.
where D runs through all prime divisors on Y . We refer to it as the ramification divisor of ϕ.
Example 2.4. Let ϕ : X → Y be a dominant morphism of normal varieties. Suppose that ϕ is equidimensional, and let G be the foliation on X induced by ϕ. A straightforward computation shows that
, where R(ϕ) denotes the ramification divisor of ϕ.
2.5. (Foliations described as pullbacks) Let X and Y be normal varieties, and let ϕ : X → Y be a dominant morphism. Let G be a foliation on Y . The pullback ϕ −1 G of G under ϕ is defined as follows. We define ϕ −1 G to be the unique foliation on X whose restriction to
A straightforward computation shows the following.
Lemma 2.6. Let f : Z → X be a finite cover of normal varieties, and let G be a foliation on X.
Suppose that the branch locus of f is G -invariant. Then f −1 G ∼ = (f * G ) * * .
(Projection of foliations)
Let X and Y be complex manifolds, and let G ⊂ T X be a foliation of rank r on X. Let also ϕ : X → Y be a dominant morphism. We say that G is projectable under ϕ if, for a general point y ∈ Y , d x ϕ(G x ) is independent of the choice of x ∈ ϕ −1 (y) and dim d x ϕ(G x ) = r, where d x ϕ : T x X → T y Y denotes the natural map. We claim that G induces a foliation G Y of rank r on Y . Indeed, we may assume without loss of generality that ϕ is smooth. Let y ∈ Y be a general point, and let s : W → X be a section of ϕ over some open neighborhood W of y with respect to the Euclidean topology. Since G is projectable,
, and we must have
. This immediately implies that s * G ⊂ T W is independent of s, and that it is stable under the Lie bracket. Let G Y be the foliation on Y such that (G Y ) |W := s * G . We will refer to G Y as the projection of G under ϕ.
Suppose from now on that ϕ is a proper morphism with connected fibers. Suppose furthermore
The r-th wedge product of the inclusion G ⊂ T X gives rise to a non-zero global section
Under these assumptions, G is projectable under ϕ if and only if τ Y = 0. Equivalently, G is projectable under ϕ if and only if there exists
Finally, suppose that τ Y = 0, and let G Y be the projection of G under ϕ.
Remark 2.8. Let X be a complex projective manifold, and let G ⊂ T X be a foliation on X. Let also ϕ : X → Y be a proper morphism with connected fibers onto a normal projective variety
Bott (partial) connection and applications
In this section we provide technical tools for the proof of the main result. [BB70] ). We refer to it as the Bott connection on N .
Lemma 3.2. Let X be a complex manifold, and let G ⊂ T X be a regular foliation with normal bundle N = T X /G . Let f : Z → X be a compact manifold, and suppose that f (Z) is tangent to G . Then f * N admits a flat holomorphic connection. In particular, Chern classes of f * N vanish.
Proof. One readily checks that the (partial) Bott connection on N gives a flat holomorphic connections on f * N .
3.3. (The Atiyah class of a locally free sheaf ) Let X be a complex manifold, and let E be a locally free sheaf on X. Let J 1 X (E ) be the sheaf of 1-jets of E . As a sheaf of abelian groups on X,
, and the O X -module structure is given by f (e, α) = (f e, f α − df ⊗ e), where f , e and α are local sections of O X , E and Ω 1 X ⊗ E , respectively. The Atiyah class of E (see [Ati57] ) is defined to be the element at(E ) ∈ H 1 X, Ω 1 X ⊗ End O X (E ) corresponding to the extension Lemma 3.4. Let X be a complex manifold, and let G ⊂ T X be a regular foliation. Set
lies in the image of the natural map Lemma 3.5. Let X be a complex projective manifold, and let E be a vector bundle on X. Let U ⊂ X be an open set. Suppose that X \ U has codimension m + 2 for some integer m 0. Then
The following result generalizes [BB70, Corollary 3.4].
Lemma 3.6. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of codimension q. Set N := T X /G . Suppose that the singular locus Z(G ) of G has codimension q + 2 in X. Then
This implies that c 1 (N |U ) q ∈ H q (U, Ω q U ) lies in the image of the natural map
and that c 1 (N |U ) q+1 ≡ 0. On the other hand, by Lemma 3.5 above, the restriction map det(
The lemma then follows easily.
Lemma 3.8 below will prove to be crucial. Before starting with the proof, we recall the basic facts concerning Mori theory.
(Fano-Mori contractions)
Let X be a complex projective manifold and consider the finite dimensional R-vector space
where ≡ denotes numerical equivalence. The Mori cone of X is the closure NE(X) ⊂ N 1 (X) of the cone spanned by classes of effective curves. Every face V of NE(X) contained in {z ∈ N 1 (X) | K X ·z < 0} corresponds to a surjective morphism with connected fibers ϕ : X → Y onto a normal projective variety, which is called a Fano-Mori contraction. The morphism ϕ contracts precisely those curves on X with class in V (see [KMM87, Theorem 3.2.1]). Conversely, any morphism ϕ : X → Y with connected fibers onto a normal projective variety such that −K X is ϕ-ample arises in this way.
Lemma 3.8. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of codimension q on X. Suppose that K G ≡ 0 and that the singular locus Z(G ) of G has codimension q + 2. Let ϕ : X → Y be a Fano-Mori contraction, and let F be an irreducible component of some fiber of ϕ.
Suppose from now on that dim F > dim X − dim Y and that dim F dim ϕ −1 (y) for any y ∈ Y . We argue by contradiction and assume that dim F = q. Let ν : F → F be a resolution of singularities. Consider the following commutative diagram:
By Lemma 3.6 again, c 1 (
vanishes. It follows that the group H q F, det(N ) * |F ) vanishes as well. This implies that c 1 (X) | F q ≡ 0, yielding a contradiction as before. This completes the proof of the lemma.
Projectable foliations under Fano-Mori contractions
The proof of the main result relies on a criterion that guarantees that a given foliation is projectable under a morphism (see 2.7 for this notion), which we establish now.
Proposition 4.1. Let X be a complex projective manifold, and let ϕ : X → Y be a Fano-Mori contraction with dim X − dim Y 2. Let G ⊂ T X be a foliation of positive rank r such that K G is ϕ-numerically trivial, and let τ Y ∈ H 0 (Y, ∧ r T Y ⊗ L * ) be the twisted field as in 2.7 (see Remark 2.8). Pick y ∈ Y and set F := ϕ −1 (y). Suppose furthermore that F ⊂ X \ Z(G ) and that ϕ is smooth along F . Then y ∈ Z(τ Y ).
Before proving Proposition 4.1, we note the following immediate corollary. See Section 2.7 for the notion of projectable foliation.
Corollary 4.2. Let X be a complex projective manifold, and let G ⊂ T X be a foliation. Let ϕ :
Proof of Proposition 4.1. Set m := dim Y , and consider the following commutative diagram:
We argue by contradiction and assume that ξ has generic rank < r. We denote by K its kernel, and by Q its image. Notice that
Applying [AD13, Proposition 7.5], we see that there exists a (rational) curve C contained in F and tangent to K . But this contradicts Lemma 3.2 since deg det(N ) |C = −K X · C > 0 where
by Lemma 4.3 below, there exists a (rational) curve contained in F and tangent to G . If K = T F , then any rational curve contained in F is tangent to G . In either case, this contradicts Lemma 3.2 again, completing the proof of the proposition.
Lemma 4.3. Let S be a smooth projective rational surface, and let v be a nonzero holomorphic global vector field on S. Then there is a rational curve on S tangent to v.
Proof. Denote by S 0 a minimal model of S, and let v 0 be the global holomorphic vector field induced by v on S 0 . Recall that either S 0 ∼ = P 2 , or S 0 is a Hirzebruch surface. If S 0 ∼ = P 2 , then it is well known that there is a line invariant by v 0 (see [Jou79, page 11] ). Suppose that S 0 is a Hirzebruch surface. If S ∼ = P 1 × P 1 , then there exist global vector fields v 1 and v 2 on P 1 such that v 0 = p * 1 v 1 + p * 2 v 2 , where p 1 and p 2 denote the projections on the two factors P 1 . Let x 1 ∈ P 1 such that v 1 (x 1 ) = 0. Then the curve {x 1 } × P 1 ⊂ S is invariant by v 0 . Finally, suppose that S ∼ = P 1 × P 1 , and denote by C ⊂ S the unique (rational) curve with negative self-intersection. The map
vanishes since deg(N C/S ) = C · C < 0, and thus C is invariant by v 0 .
Question 4.4. Let X be a Fano manifold, and let G be a foliation of positive rank on X. Suppose that K G ≡ 0. Is it true that there exists a curve on X tangent to G ? Proposition 4.6. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of rank r on X with K G ≡ 0. Suppose that X is the blow-up of a complex projective manifold Y along a codimension 2 submanifold B ⊂ Y , and denote by ϕ : X → Y the natural morphism. Consider the projection
be the twisted field as in 2.7 (see Remark 2.8).
Notice that
Suppose from now on that B ⊂ ϕ Z(G ) . Set E := Exc(ϕ), and let C ∼ = P 1 be a fiber of the natural map E → B. Set also y := ϕ(C). Suppose that C ⊂ X \ Z(G ). By Lemma 3.2, C is not tangent to
It follows that E is invariant by G , and that r dim X − 2. The proposition follows easily.
In Lemma 4.7 below, we gather some properties of conic bundles for later reference. Recall that a conic bundle structure on a complex projective manifold X is a surjective morphism ϕ : X → Y onto a complex projective manifold with fibers isomorphic to conics. Its discriminant locus is the set ∆ := {y ∈ Y | such that X y := ϕ −1 (y) is not smooth}.
Lemma 4.7. Let X be a complex projective manifold, and let ϕ : X → Y be a conic bundle structure on X. Suppose that its discriminant locus ∆ is non-empty. Set ∆ 1 := {y ∈ ∆ | X y is reduced} and
(1) If y ∈ ∆ 1 , then F = C 1 ∪ C 2 is the union of 2 smooth rational curves meeting transversally at a point, −K X · C i = 1 and
(2) If y ∈ ∆ 2 \ ∆ reg , then F is a smooth rational curve, −K X · F = 1, and Proof. The same argument used in the proof of [Bea77, Proposition 1.2] shows that ∆ has pure codimension 1, and that ∆ 2 has codimension 1 in ∆. It also shows that ∆ 1 is smooth, that ∆ has normal crossing singularities in codimension 1, and that ∆ is singular along codimension 1 irreducible components of ∆ 2 . Statements (1) and (2) are due to Ando (see [And85] ). Statement (3) follows easily from [Bea77, Lemme 1.5.2].
Proposition 4.8. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of rank r on X. Suppose that K G ≡ 0 and that dim Z(G ) dim X − 3. Let ϕ : X → Y be a conic bundle structure on X with discriminant locus ∆. Then G is projectable under ϕ by Corollary 4.2. Consider the 
Suppose from now on that ∆ = ∅. Set ∆ 1 := {y ∈ ∆ | X y is reduced} and ∆ 2 := {y ∈ ∆ | X y is not reduced}.
Let y ∈ ∆ 1 \ ϕ Z(G ) , and set F := ϕ −1 (y). Then F = C 1 ∪ C 2 is the union of 2 smooth rational curves meeting transversally at a point, and −K X · C i = 1. By Lemma 3.2, the curve C i is not tangent to G , and thus Proposition 4.9. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of rank r on X. Suppose that K G ≡ 0 and that dim Z(G ) r − 2. Let ϕ : X → Y be a Fano-Mori contraction with dim Y = r. Suppose furthermore that G is projectable under ϕ. Then Z(G ) = ∅, ϕ is a smooth morphism, and G yields a flat holomorphic connection on ϕ. In particular, we have K Y ≡ 0.
. Let y ∈ Y • , and let F be an irreducible component of ϕ −1 (y). Denote by ν : F → F a resolution of singularities. Notice that dim F = dim X − dim Y =: q by Lemma 3.8 since dim Y = r.
By Lemma 3.4, the Atiyah class at(N |X
• ) ∈ H 1 X • , Ω 1 X • ⊗ End O X • (N |X • )
lies in the image of the natural map
In particular, there exists
Now, consider the following commutative diagram:
Since −K X is ϕ-ample and dim F = q, we have ν * (c 1 (X) |F ) q = 0, and hence e(β) = 0. On the other hand, by [Kol86, Proposition 7.6], we have
, and thus β is a nowhere
Since G is projectable under ϕ, the natural map T X/Y ⊕ G → T X is generically injective. A straightforward local computation shows that det(T X/Y ) ∼ = O X −K X/Y +R(ϕ) , where R(ϕ) denotes the ramification divisor of ϕ, and thus
This implies that R(ϕ) = 0, and that T X/Y ⊕ G ∼ = T X . It follows that T X/Y and that G are locally free sheaves on X and that Z(G ) = ∅. From [Dru17, Lemma 4.1], we conclude that ϕ is a smooth morphism. Moreover, G induces a flat (holomorphic) connection on ϕ, completing the proof of the proposition.
Codimension 2 (regular) foliations with numerically trivial canonical class
In this section we prove Theorem 1. Proposition 5.1. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of codimension 1 on X with
Proof. Let ϕ : X → Y be the contraction of a K X -negative extremal ray R ⊂ NE(X). By Lemma 3.8, dim Y = dim X − 1 and ϕ is equidimensional. Applying [Wiś91, Theorem 1.2], we see that ϕ is a conic bundle. Applying Corollary 4.2, we see that G is projectable under ϕ. The proposition then follows from Proposition 4.9.
Theorem 5.2. Let X be a complex projective manifold, and let G ⊂ T X be a foliation of codimension 2 on X with K G ≡ 0. Suppose that dim Z(G ) dim X − 4. Suppose furthermore that K X is not nef. Then Z(G ) = ∅ and one of the following holds. (2) There exists a conic bundle structure ϕ : X → Y on X onto a complex projective manifold Y , G is generically transverse to ϕ and induces a regular codimension 1 foliation
Moreover, the discriminant locus of ϕ is either empty or a union of leaves of G Y .
Proof. Let ϕ : X → Y be the contraction of a K X -negative extremal ray R ⊂ NE(X), and let F be an irreducible component of some fiber of ϕ. Applying Lemma 3.8 to ϕ, we see that one of the following holds:
(1) dim Y = dim X − 2 and ϕ is equidimensional, 
and Z(G ) is empty if and only if so is Z(G Y ).
Suppose that Z(G ) is non-empty. In particular, Z(G Y ) is also non-empty. If moreover K Y is not nef, then there exists an elementary Fano-Mori contraction on Y as in case (3). This yields a finite sequence of contractions 
Algebraically integrable regular foliations with numerically trivial canonical class
In this section we prove Theorem 1.2. The proof relies on a global version of Reeb stability theorem (see Proposition 6.6), which we establish first.
The following notation is used in the formulation of Proposition 6.6.
Definition 6.1. Let X be a normal projective variety, let H be an ample Cartier divisor on X, and let G be a reflexive coherent sheaf of O X -modules. We say that G is strongly stable with respect to H if, for any normal projective variety Z and any generically finite surjective morphism f : Z → X, the reflexive pull-back sheaf (f * G ) * * is f * H-stable.
(
The holonomy group of a stable reflexive sheaf ) Let X be a normal complex projective variety, and let G be a reflexive sheaf on X. Suppose that G is stable with respect to an ample Cartier divisor H and that µ H (G ) = 0. For a sufficiently large positive integer m, let C ⊂ X be a general complete intersection curve of elements in |mH|. Let x ∈ C. By the restriction theorem of Mehta and Ramanathan, the locally free sheaf G |C is stable with deg(G |C ) = 0, and hence it corresponds to a unique unitary representation ρ : π 1 (C, x) → U(G x ) by a result of Narasimhan and Seshadri ( [NS65] ). The holonomy group Hol x (G ) of G is the Zariski closure of ρ π 1 (C, x) in GL(G x ). It does not depend on C x provided that m is large enough (see [BK08] ).
We will need the following observation.
Lemma 6.3. Let X be a normal complex projective variety, let x be a general point on X, and let G be a coherent sheaf of O X -modules. Suppose that G is stable with respect to an ample divisor H and that µ H (G ) = 0. Suppose furthermore that its holonomy group Hol x (G ) is connected. Then G is strongly stable with respect to H.
Proof. Let Z be a normal projective variety, and let g : Z → X be a generically finite surjective morphism. The map g factorizes into Z → Y → X where Y is a normal projective variety, b : Z → Y is a birational map, and f : Y → X is a finite cover. We argue by contradiction and assume that (g * G ) * * is not g * H-stable. It follows that there exists E ⊂ (g * G ) * * with 0 < rank E < rank (g * G ) * * and µ g * H (E ) µ g * H (g * G ) * * = µ H (G ) = 0. Then b * E ⊂ (f * G ) * * since b * (g * G ) * * and (f * G ) * * agree over an open subset with complement of codimension at least two. On the other hand, µ f * H (b * E ) = µ g * H (E ) = 0. This yields a contradiction, finishing the proof of the lemma.
The following result is probably well-known to experts. We include a proof here for the reader's convenience.
Lemma 6.4. Let X be a complex projective manifold, and ϕ : X → Y be a smooth morphism onto a complex projective manifold. Suppose that K X is pseudo-effective, and suppose that K X/Y ≡ 0. Then there exist complex projective manifolds B and F as well as a finiteétale cover f :
Proof. By [LPT11b, Theorem 5.2], the divisor K X/Y is a torsion point, and hence, by replacing X with a finiteétale cover, if necessary, we may assume without loss of generality that K X/Y ∼ 0. Applying [LPT11b, Theorem 5.2] again, we see that ϕ admits a holomorphic connection. In particular, ϕ is a locally trivial fibration for the Euclidean topology. Let F be any fiber of ϕ. By the adjunction formula, K F ∼ 0. Let y ∈ Y , and denote by X y ∼ = F the fiber ϕ −1 (y). Let Aut
• (X y ) denotes the neutral component of the automorphism group Aut(X y ) of X y . Then Aut
• (X y ) is an abelian variety of dimension h 0 (F, T F ). Recall from [GP11, Exposé VI B , Théorème 3.10] that the algebraic groups Aut
• (X y ) fit together to form an abelian scheme A over Y . Since A is locally trivial, there exist an abelian variety A, and a finiteétale cover Y 1 → Y such that A × Y Y 1 ∼ = A × Y 1 as group schemes over Y 1 . This follows from the fact that there is a fine moduli scheme for polarized abelian varieties of dimension g, with level N structure and polarization of degree d provided that N is large enough. In particular, A acts faithfully on X 1 := X × Y Y 1 . By [Bri10, Proof of Theorem 1.2, page 10], there exist a finiteétale cover X 2 of X 1 equipped with a faithful action of A, and an A-isomorphism X 2 ∼ = A × Z 2 for some projective manifold Z 2 , where A acts trivially on Z 2 and diagonally on A × Z 2 . One readily checks that there exists a smooth morphism with connected fibers ϕ 2 : Z 2 → Y 2 as well as a finité etale cover Y 2 → Y 1 and a commutative diagram:
Y 2 / / Y 1 . This implies that K A×Z 2 /Y 2 ∼ 0, and thus we also have K Z 2 /Y 2 ∼ 0. Repeating the process finitely many times, if necessary, we may assume without loss of generality that any fiber F 2 of ϕ 2 satisfies h 0 (F 2 , T F 2 ) = 0. Notice that K F 2 ∼ 0 by the adjunction formula. Moreover,
Let H 2 be an ample divisor on Z 2 . Since ϕ 2 admits a flat holomorphic connection, it is given by a representation
where y := ϕ 2 (F 2 ), and where Aut(F 2 , H 2|F 2 ) denotes the group {u ∈ Aut(F 2 ) | u * H 2|F 2 ≡ H 2|F 2 }. Since h 1 (F 2 , O F 2 ) = 0, the Picard group of F 2 is discrete. The subgroup Pic τ (F 2 ) ⊂ Pic(F 2 ) of invertible sheaves with numerically trivial first Chern class is therefore finite. By replacing H 2 with mH 2 for some positive integer m, if necessary, we may assume without loss of generality, that Aut(F 2 , H 2|F 2 ) = {u ∈ Aut(F 2 ) | u * H 2|F 2 ∼ H 2|F 2 }. This implies that Aut(F 2 , H 2|F 2 ) is an affine algebraic group. It follows that Aut(F 2 , H 2|F 2 ) is finite since since h 0 (F 2 , T F 2 ) = 0. Therefore, replacing Y 2 with a finiteétale cover, if necessary, we may assume that Z 2 ∼ = Y 2 × F 2 as varieties over Y 2 . This finishes the proof of the lemma.
The same argument used in the proof of Lemma 6.4 shows that the following holds.
Lemma 6.5. Let X be a complex projective manifold, and ϕ : X → Y be a smooth morphism onto a complex projective manifold. Suppose that K X is pseudo-effective, and suppose that K X/Y ∼ 0. Suppose furthermore that the irregularity of any fiber of ϕ is zero. Then there exist complex projective manifolds Y 1 and F as well as a finiteétale cover
The following is a global version of Reeb stability theorem for regular foliations with numerically trivial canonical class on complex projective manifolds with pseudo-effective canonical divisor. See [HV10, Theorem 3.2] for a somewhat related result.
Proposition 6.6. Let X be a complex projective manifold, let H be an ample divisor on X, and let G ⊂ T X be a regular foliation with K G ≡ 0. Suppose that K X is pseudo-effective. Suppose furthermore that G is algebraically integrable, and that one of the following two conditions holds.
(1) The sheaf G is H-semistable and c 2 (G ) ≡ 0.
(2) The sheaf G is H-strongly stable.
Then there exist complex projective manifolds F and Y , and a finiteétale cover f :
Proof. By [LPT11b, Theorem 5.2], the divisor K G is a torsion point, and hence, by replacing X with a finiteétale cover, if necessary, we may assume without loss of generality that K G ∼ 0. Suppose first that G is H-semistable, and that c 2 (G ) ≡ 0. Applying [LPT11b, Theorem 5.2], we see that there exists a regular foliation E on X such that T X ∼ = G ⊕ E . By [Dru16, Lemma 5.8], there exists a finiteétale cover f 1 :
, where r := rank G . We claim that the neutral component Aut(X 1 ) • of Aut(X 1 ) is an abelian variety. Suppose otherwise. Then, by Chevalley's structure theorem, Aut(X 1 ) • contains a positive dimensional affine subgroup. Hence, it contains an algebraic subgroup isomorphic to G m or G a . This implies that X is uniruled, yielding a contradiction since K X is pseudo-effective. • (A) be the connected component of the group of elements a ∈ A such that a + F = F ; B is an algebraic group and its Lie algebra is the kernel of the natural map
and hence c 2 (G ) ≡ 0, yielding a contradiction. This shows that S is a simply-connected complex projective manifold, proving our claim. The irregularity of any fiber F of ϕ 2 is zero because S is simply-connected. Applying Lemma 6.5, we see that there exists a finiteétale cover g 3 : Y 3 → Y 2 such that
We obtain the following commutative diagram:
Let Y 4 be the normalization of Y 1 in the function field C(Y 3 ), and set X 4 = Y 4 × Y 1 X 1 . This gives another commutative diagram:
Note that X 3 identifies with Y 3 × Y 4 X 4 ∼ = X 3 . Using the rigidity lemma, we see that the second projection
By replacing Y 4 with a further finite cover, if necessary, we may assume without loss of generality that the finite cover Y 4 → Y is Galois. In particular, there is a finite group G acting on Y 4 with quotient Y .
The group G also acts on Y 4 × F since Y 4 × F identifies with the normalization of Y 4 × Y X. Since h 0 (F, T F ) = 0, G acts on F and its action on Y 4 × F is the diagonal action. Let G 1 denote the kernel of the induced morphism of groups G → Aut(F ). By replacing Y 4 by Y 4 /G 1 , X 4 by X 4 /G 1 ∼ = (Y 4 /G 1 ) × F , and G by G/G 1 , if necessary, we may assume without loss of generality that G ⊂ Aut(F ). Then the quotient map Y 4 ×F → (Y 4 ×F )/G ∼ = X is automaticallyétale in codimension one, and henceétale by the Nagata-Zariski purity theorem. This finishes the proof of Proposition 6.6.
The following conjecture is due to Pereira and Touzet (see [PT13] ).
Conjecture 6.7. (Pereira-Touzet) Let G be a regular foliation on a complex projective manifold X with K X pseudo-effective. Suppose that c 1 (G ) ≡ 0 and that c 2 (G ) ≡ 0. If G is stable with respect to some polarization, then it is algebraically integrable.
Building on our recent algebraicity criterion for leaves of algebraic foliations [Dru16, Theorem 1.6], we confirm Conjecture 6.7 in some special cases.
Proposition 6.8. Conjecture 6.7 holds for foliations of rank at most 3.
Proof. We maintain notation and assumptions of Conjecture 6.7. Suppose furthermore that G has rank r 3.
Suppose that there exists a finiteétale cover g : Y → X such that g * G is not stable. Applying [PT13, Lemma 2.1], we see that there exist non-zero vector bundles (G i ) i∈I , stable with respect to any polarization with c 1 (G i ) ≡ 0 such that f * G ∼ = ⊕ i∈I G i . By [Dru16, Proposition 8 .1], to prove that G is algebraically integrable, it sufficies to prove that for some i ∈ I, G i has algebraic leaves. Therefore, by replacing X with a finiteétale cover, if necessary, we may assume that for any finiteétale cover g : Y → X, g * G is stable with respect to any polarization.
By replacing X with a further finiteétale cover, if necessary, we may also assume that K G ∼ 0 by [LPT11b, Theorem 5.2]. Let H be an ample divisor on X such that c 2 (G ) · H n−2 = 0. By [LPT11b, Theorem 5.2], there exists a regular foliation E on X such that T X ∼ = G ⊕ E . The proposition then follows from [Dru16, Theorem 1.6].
We are now in position to prove our main result. Note that Theorem 1.2 is an immediate consequence of Proposition 6.8 and of Theorem 6.9 below.
Theorem 6.9. Let X be a complex projective manifold, and let G ⊂ T X be a regular foliation of rank r with K G ≡ 0. Suppose that K X is pseudo-effective. Suppose furthermore that Conjecture 6.7 holds for foliations of rank at most r. Then there exist complex projective manifolds Y and F , a finiteétale cover f : Y × F → X, and a regular foliation H on Y with c 1 (H ) ≡ 0 and c 2 (H ) ≡ 0 such that f −1 G is the pull-back of H .
Proof. Recall from [PT13, Lemma 2.1], that G is polystable with respect to any polarization. Thus, there is a decomposition G ∼ = ⊕ i∈I G i of G into involutive sub-vector bundles of T X such that G i is stable with respect to any polarization. Notice that c 1 (G i ) ≡ 0 for all indices i ∈ I. Notice also that it suffices to prove the theorem for the foliations G i . Therefore, we may assume without loss of generality that G is stable with respect to any polarization.
Suppose that there exists a finiteétale cover g : Y → X such that g * G is not stable. Applying [PT13, Lemma 2.1], we see that there exist non-zero vector bundles (G j ) j∈J , stable with respect to any polarization with c 1 (G j ) ≡ 0 such that f * G ∼ = ⊕ j∈J G j . As before, it suffices to prove the theorem for G j for all indices j ∈ J. Therefore, by replacing X with a further finiteétale cover, if necessary, we may assume that for any finiteétale cover g : Y → X, g * G is stable with respect to any polarization.
Let H be an ample divisor on X. By [BK08, Lemma 40] (see also [Dru16, Lemma 6 .20]), there exists a finiteétale cover f : X → X such that Hol x (f * G ) is connected, where x is a point on X. Applying Lemma 6.3, we see that f * G is strongly stable with respect to f * H. If c 2 (f * G ) ≡ 0, then the statement is obvious. If c 2 (f * G ) ≡ 0, the theorem then follows from Proposition 6.6.
Poisson manifolds -Generalized Bondal conjecture
In this section, we address the generalized Bondal conjecture. We first recall the basic facts concerning Poisson manifolds.
(Poisson structures) A (holomorphic)
Poisson structure on a complex manifold X is a bivector field τ ∈ H 0 (X, ∧ 2 T X ), such that the bracket {f, g} := τ, df ∧ dg defines a Lie algebra structure on O X . A Poisson structure defines a skew-symmetric map τ : Ω 1 X → T X ; the rank of τ at a point x ∈ X is the rank of τ (x). It is even because τ is skew-symmetric. The data of a Poisson structure of rank dim X is equivalent to that of a (holomorphic) symplectic structure. In general, we have a partition X = s even X s where X s := {x ∈ X | rk τ (x) = s}.
Let r be the generic rank of τ . The generic corank of τ is defined as q := dim X − r.
The following conjecture is due to Beauville ([Bea11, Conjecture 5]).
Conjecture 7.2. Let (X, τ ) be a projective Poisson manifold, and let 0 s < r be an even integer. If X ≤s := k≤s X k is non-empty, it contains a component of dimension > s.
The generalized Bondal conjecture implies that if the degeneracy locus X \ X r of τ is non-empty, then it contains a component of dimension > r − 2. This is known to be true if c 1 (X) q+1 = 0 in H q+1 (X, Ω q+1 X ) (see [Pol97, Corollary 9 .2], and also [Bea11, Proposition 4]).
7.3. (Foliation associated to a Poisson structure) Let (X, τ ) be a Poisson manifold, and let r be the generic rank of τ . The distribution on X r given by Hamiltonian vector fields τ (df ) is involutive. We denote by G ⊂ T X the corresponding (possibly singular) foliation on X. The restriction of τ to X r induces a non-degenerate skew-symmetric map (G |Xr ) * → Ω 1 Xr → G |Xr . This implies that det(G |Xr ) ∼ = O Xr . Set N := T X /G . Notice that Z(G ) ⊂ X \ X r . Thus, if the degeneracy locus X \ X r of τ has codimension at least 2 in X, then we have det(G ) ∼ = O X and det(N ) ∼ = O X (−K X ).
The proof of Theorem 1.3 makes use of the following observation.
Lemma 7.4. Let (X, τ ) be a Poisson manifold, and let G be the corresponding foliation. Suppose that the degeneracy locus X \X r of τ has codimension at least 2 in X. If Z(G ) is empty, then X = X r .
Proof. Suppose that Z(G ) = ∅. Then G is a vector bundle with det(G ) ∼ = O X . It follows that the composed morphism G * → Ω 1 X → G must be an isomorphism. The lemma easily follows.
In view of the generalized Bondal conjecture, one may ask the following.
Conjecture 7.5. Let X be a complex projective manifold, and let G ⊂ T X be foliation of codimension q on X with numerically trivial canonical class. If the singular locus Z(G ) of G is non-empty, it contains a component of codimension q + 1.
The statement is obviously true in the case q = 0. It is also known to be true if q = 1 by [LPT11a, Corollary 4.7] (see also Proposition 5.1).
Remark 7.6. In the setup of Conjecture 7.5, if Z(G ) is non-empty, then K X is not pseudo-effective by [LPT11b, Theorem 5.4].
Theorem 7.7. Let X be a complex projective manifold, and let G ⊂ T X be foliation of codimension q 2 on X with numerically trivial canonical class. If the singular locus Z(G ) of G is non-empty, it contains a component of codimension q + 1.
Proof. Suppose that Z(G ) is non-empty. Applying [LPT11b, Theorem 5.4], we see that K X is not nef. The theorem then follows from Proposition 5.1 and Theorem 5.2.
Proof of Theorem 1.3. We maintain notation and assumptions of Theorem 1.3. The statement is easy if r = dim X. Suppose now that r ∈ {dim X − 2, dim X − 1}, and let G be the natural foliation associated to τ . Suppose moreover that X \ X r is non-empty and has codimension at least 2 in X. From Lemma 7.4, we conclude that Z(G ) is non-empty as well. The statement then follows from Theorem 7.7 above applied to G using the fact that Z(G ) ⊂ X \ X r .
